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Abstract
Thermoacoustic instabilities, caused by the feedback between unsteady heat release and acoustic pressure perturbations,
are characterised by large-amplitude pressure oscillations. These oscillations, if uncontrolled, pose a threat to the
integrity of combustion systems. One strategy to mitigate them is by installing cavity-backed perforated plates with
bias flow into the combustion chamber. In this study, we consider a generic combustor configuration: a one-dimentional
tube (with open and/or closed ends) containing a compact heat source and a heat exchanger tube row. The idea is to use
the heat exchanger tube row as a device (analogously to a cavity-backed perforated plate) to manipulate the downstream
end condition. We simulate the row of heat exchanger tubes by a slit-plate with bias flow. We derive the characteristic
equation for the complex eigenfrequencies of this set-up. From the growth rates (imaginary parts of the eigenfrequen-
cies), we construct stability maps for various system parameter combinations. The results, obtained for the first two
modes of the system, show that by varying the cavity length or the bias flow velocity through the slits, we can stabilise a
previously unstable combustion system.
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Introduction
When a heat source like a ﬂame or a heated gauze is
placed within an acoustic resonator, there may be an
interaction between the heat release ﬂuctuations and
the acoustic pressure ﬂuctuations, which forms a posi-
tive feedback loop leading to high-amplitude oscilla-
tions. This eﬀect has been observed in combustion
systems and is known as thermoacoustic instability. If
uncontrolled, high-pressure loads occur, leading to
excessive vibrations of mechanical parts, and in extreme
cases, to catastrophic hardware damage.1 It is therefore
important to develop mitigation strategies to prevent
these instabilities.
Combustion systems that are prone to thermoacous-
tic instabilities are gas turbine engines, rocket motors,
afterburners, furnaces and domestic heaters. There is a
large variety of designs. Some of them include heat
exchangers, and such combustion systems are the
topic of this paper. Heat exchangers are periodic struc-
tures that consist of arrays of tubes in a cross ﬂow.
If sound passes through an array of tubes, it is attenu-
ated due to viscous, thermal and turbulent losses. We
aim to utilise this attenuation property of tube arrays to
control thermoacoustic instabilities. To this end, we
consider an idealised combustion system: the combus-
tion chamber is one dimensional, the ﬂame is compact
and the heat exchanger is a row of narrow sharp-edged
rods with rectangular cross-section. Eﬀectively, we treat
the heat exchanger as a slit-plate with bias ﬂow.
Slit-plates and, more commonly, oriﬁce plates with a
mean ﬂow through the holes (bias ﬂow) are widely used
as sound absorbers. A summary of the key contribu-
tions to this research topic can be found in the study by
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Munjal.2 Generic applications are presented by
Davies.3 The sound absorption of a perforated plate
with bias ﬂow can be enhanced greatly by a cavity
backing.4–6
The idea that a cavity-backed perforated plate can be
used in a combustion system to control thermocoustic
instabilities was ﬁrst realised experimentally by Tran
et al.7,8 They implemented a cavity-backed perforated
plate at the upstream end of a swirl burner and achieved
control by suitable choice of cavity length. Tran’s work
was continued by Scarpato et al.9,10 who investigated
the role of the Strouhal number on the absorption
mechanism of the cavity-backed perforated plate.
A model corresponding to Tran’s setup was devel-
oped by Heckl and Kosztin,11 who predicted that con-
trol can be achieved for a wide range of cavity lengths.
They modelled the ﬂame dynamics by a generic time-lag
law and also examined the eﬀectiveness of the control
for diﬀerent time-lags.
Much is known about the damping mechanism of
perforated plates with bias ﬂow. When a sound wave
hits such a plate, hydrodynamic eﬀects come into play
which aﬀect the reﬂection, transmission and damping
of the sound wave. A physically intuitive and experi-
mentally validated model has been developed by
Hofmans et al.12 and Durrieu et al.13 for a single oriﬁce
(both circular and slit-shaped). Their work provides
physical insight, which will be valuable for understand-
ing the results in our paper. Below is a summary of their
relevant ﬁndings.
At the oriﬁce, a free jet is formed by ﬂow separation.
The cross-sectional area of the jet is smaller than that of
the oriﬁce (vena contracta). One can imagine the oriﬁce
as partially blocked by this hydrodynamic eﬀect.
Downstream of the oriﬁce, the jet becomes unstable;
vortices form and are swept downstream.
The blockage has a strong eﬀect on the acoustic
reﬂection and transmission. The magnitude of the
reﬂection coeﬃcient increases with Mach number,
while its phase remains zero. Thus, the oriﬁce behaves
like a partially reﬂective rigid wall. The vortex gener-
ation is responsible for the sound absorption, as ini-
tially proposed theoretically by Howe.14 The
absorption ﬁrst increases with Mach number, then
reaches a maximum and decreases for higher Mach
numbers.
The acoustic behaviour of a perforated plate can be
manipulated in a big way by backing it with a cavity.
The cavity acts like an acoustic resonator, and as such,
it can amplify or damp acoustic waves that enter it. The
combination of a perforated plate with bias ﬂow and a
backing cavity has been found to become anechoic for
certain frequencies and ﬂow Mach numbers.4,5,6
For our purpose of describing a heat exchanger as a
perforated plate, we are particularly interested in plates
with slit-shaped perforations. A comprehensive analyt-
ical model for such plates (with and without cavity
backing) was produced by Dowling and Hughes.15
They used the Kutta condition to derive expressions
for the reﬂection and transmission coeﬃcient of the
slit-plate. The key parameters in their model are
Strouhal number, bias ﬂow Mach number, open area
ratio and cavity length.
In this paper, we present a model for an idealised
combustion system, which consists of a one-dimen-
sional tube with a compact ﬂame and a jump in mean
temperature across the ﬂame or heat source. The dis-
tance upstream of the tube end may be open or closed.
Surendran and Heckl16 have already developed a the-
oretical model for such a combustion system and have
shown that the slit-plate with bias ﬂow is an eﬀective
method to passively control thermoacoustic instabil-
ities. The present study extends this work in the follow-
ing ways:
. Instead of the basic n  law, we use an extended
(and more versatile) time-lag law to describe the heat
source.
. We included a temperature jump at the heat source,
rather than assuming a uniform temperature
throughout the tube. This assumption of a tempera-
ture jump makes the combustor more realistic and
close to real situations.
. We examined a wider range of boundary conditions
at the downstream tube end.
We begin our analysis with the description of the com-
bustion system and its associated modelling aspects in
Description of model section. In section Acoustic prop-
erties of the cavity-backed slit-plate, we look at the
inﬂuence of system parameters on the acoustic proper-
ties of the slit-plate and then proceed to the stability
predictions (Stability predictions section) for various
system parameters, using eigenvalue method.
Description of model
The combustion system studied is as shown in Figure 1.
It consists of a quarter-wave resonator, open at the
Figure 1. Schematic of the combustion system.
2 International Journal of Spray and Combustion Dynamics 0(0)
upstream end (x ¼ 0) and having a reﬂection coeﬃcient
R0 ¼ 1. The heat source is located at a distance lf
from the upstream end, dividing the resonator into
two regions: a cold upstream region (Region 1) and a
hot downstream region (Region 2). The speeds of
sound (c1,2) and mean temperatures (T1,2) are uniform
in both regions. The slit-plate simulating the heat
exchanger is located at x ¼ L. The slit-plate has a
bias ﬂow through the gaps, denoted by its Mach
number, M. The downstream end of the resonator
may be open or closed. In the case of closed end, the
downstream extremity is equipped with a rigid piston,
enabling us to vary the distance between the slit-plate
and the piston. In any case, the distance between the
slit-plate and the downstream end is referred to as the
cavity length (lc).
Acoustic field
The acoustic ﬁeld within the combustor is modelled as
one-dimensional acoustic waves propagating perpen-
dicular to the rods (normal incidence), as shown in
Figure 1. For the present study, we ignore the heat
transfer between the rods and the surrounding ﬂuid,
i.e., air. The acoustic pressure and velocity ﬁelds
inside the resonator are,
Region 1 (cold):
p^1ðxÞ ¼ Aeik1 xlfð Þ þ Beik1 xlfð Þ 05 x5 lf ð1Þ
u^1ðxÞ ¼ 1
1c1
Aeik1 xlfð Þ  Beik1 xlfð Þ
n o
05 x5 lf
ð2Þ
Region 2 (hot):
p^2ðxÞ ¼ Ceik2 xlfð Þ þDeik2 xlfð Þ lf5 x5L ð3Þ
u^2ðxÞ ¼ 1
2c2
Ceik2 xlfð Þ Deik2 xlfð Þ
n o
lf5 x5L
ð4Þ
where p^ and u^ are the acoustic pressure and acoustic
velocity, respectively (the ^ indicates that they are fre-
quency-domain quantities), and A,B,C and D are the
pressure amplitudes to be determined. The subscripts 1
and 2 indicate the cold and hot regions respectively
within the resonator, and k1,2 ¼ !=c1,2 is the wave
number. The factor of ei!t is omitted throughout the
analysis.
Generic heat release law
The heat source is assumed to be compact, planar and
conﬁned to an inﬁnitesimally thin region at x ¼ lf.
For the heat release rate (Q^), we have adopted the gen-
eric heat release law by Heckl and Kosztin,11 where the
heat release rate depends on both the instantaneous
velocity ﬂuctuations uðtÞ as well as the time-lagged vel-
ocity ﬂuctuations uðt Þ at the location lf. It is
given by
Q^ð!Þ ¼  n1u^ lf
 
ei!  n0u^ lf
   ð5Þ
or using Equation (2), by
Q^ð!Þ ¼ ðA BÞ
1c1
n1e
i!  n0
  ð6Þ
where  is a factor relating the local and global heat
release rates, and n1 and n0 are non-dimensional coef-
ﬁcients called coupling coeﬃcients.
Cavity backed slit-plate
The heat exchanger is modelled as an array of thin rods,
spaced a distance d apart and having rectangular cross-
sections (Figure 2). Therefore, we can treat this array as
a plate with slits of width 2s. A pressure diﬀerence
across the slit-plate creates a bias ﬂow of Mach
number M through the slits, causing vortex shedding.
In the model by Dowling and Hughes,15 the transmis-
sion and reﬂection coeﬃcients of a slit-plate with bias
ﬂow were derived as
Tsp ¼ ! _V= kdð Þ ð7Þ
Rsp ¼ 1 ! _V= kdð Þ ð8Þ
with
! _V
kd
¼ i= 2sMð Þ
i= 2sMð Þ  lnðÞ þ ln2= ð9Þ
Figure 2. Geometry of the slit-plate.
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and
¼ 1 1
sln2
 I0ðsÞe
sþ2isinhðsÞK0ðsÞ
es I1ðsÞþ I0ðsÞsln2
h i
þ2isinhðsÞ K0ðsÞsln2 K1ðsÞ
h i
8<
:
9=
;
ð10Þ
The subscript sp refers to slit-plate and _V is the per-
turbation volume ﬂux through the slit.  ¼ 2s=d is the
open area ratio, s ¼ !s=U is the Strouhal number, U is
the bias ﬂow velocity and Im and Km are the modiﬁed
Bessel functions of order m. Equations (7)–(10) are
valid for s=d 1 and d , where  is the wavelength
of the incident wave. Further details can be found in the
study by Dowling and Hughes.15 The tube end backing
the plate is at a distance lc from the slit-plate. The
eﬀective reﬂection coeﬃcient, RL, of the cavity-backed
slit-plate is given by Surendran and Heckl16
RL ¼ Rsp þ
RpT
2
spe
2ik2lc
1 RpRspe2ik2lc ð11Þ
where Rp is the reﬂection coeﬃcient at the downstream
end of the tube. Rp ¼ 1, if the end is closed and
Rp ¼ 1, if it is open.
Acoustic properties of the cavity-backed
slit-plate
We describe the acoustic energy loss at the slit-plate by
the absorption coeﬃcient sp, given by
sp ¼ 1 jTspj2  jRspj2 ð12Þ
In analogy with this, we write the absorption coeﬃ-
cient of the slit-plate with cavity backing as
L ¼ 1 jRLj2 ð13Þ
sp and L are a measure of the acoustic energy (rela-
tive to the incident energy) that is dissipated.
From equations (7)–(13), we can observe that these
coeﬃcients depend on the following parameters: bias
ﬂow Mach number (M), frequency of the wave (!),
cavity length (lc) and open area ratio (). We investigate
the inﬂuence of these parameters in the following four
sections, both for the slit-plate in isolation and for the
cavity-backed slit-plate.
Influence of Mach number
Figure 3 shows the reﬂection coeﬃcient (magnitude and
phase) and absorption coeﬃcient for a slit-plate in iso-
lation (Figure 3(a), (b), (c)) and for a cavity-backed slit-
plate (Figure 3(d), (e), (f)), as function of Mach number
for three ﬁxed frequency values: f¼ 60, 120 and 170Hz.
The open area ratio in these ﬁgures is 0.1 and the cavity
length is 0.5m.
We observe from Figure 3(a) and (b) that the slit-
plate behaves like a partially reﬂective solid wall
Rsp
 5 1, SRsp ¼ 0
 
. As the Mach number increases,
the reﬂectivity increases, while the phase remains zero.
This eﬀect has been observed before.12,13 It is a conse-
quence of the vena contracta eﬀect and boundary layer
associated with the bias ﬂow, which increasingly blocks
the slits as M increases. Figure 3(c) shows the absorp-
tion coeﬃcient sp: it increases initially with M and
reaches a maximum of 0.5. The absorption is due to
Figure 3. Reflection coefficient and absorption coefficient of slit-plate ((a)–(c)) and cavity-backed slit-plate ((d)–(f)) as a function of
Mach number, for fixed frequency values and ¼ 0.1. For (d)–(f), lc ¼ 0.5 m.
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vortices being generated at the downstream slit edges
and swept away by the mean ﬂow.12,13 The reﬂection
and absorption coeﬃcients are weakly dependent on
frequency. The zoomed-in plots show this weak
dependence on frequency.
The results for the cavity-backed slit-plate are quite
diﬀerent. There is now a pronounced dependence on
frequency (see Figure 3(d), (e), (f)). The cavity is an
acoustic resonator, which acts like a tube with two
closed ends (one of them partially reﬂective). For the
case shown here (lc¼ 0.5m), it has an anti-resonance
(i.e. a quarter wavelength in the cavity) at the frequency
170Hz. At this frequency, the reﬂection coeﬃcient RL
varies widely. It reaches values close to zero for Mach
numbers around 0.05, and its phase jumps from 
to 0. At this point, the absorption coeﬃcient becomes
1, and the cavity-backed slit-plate behaves like an anec-
hoic end.15
Influence of frequency
The inﬂuence of frequency on the reﬂection and
absorption coeﬃcients of both slit-plate and cavity-
backed slit-plate is shown in Figure 4. The open area
ratio is 0.1 and the cavity length is 0.5m. The slit-plate
on its own behaves largely independently of frequency,
while the cavity-backed slit-plate shows a strong
dependence. As in the previous section, we observe
anechoic behaviour for frequencies near 170Hz at
M¼ 0.05. The behaviour is near-anechoic for a sub-
stantial range around this frequency: jRLj5 0:2 in the
range between 130Hz and 200Hz.
Influence of cavity length
Since the anechoic behaviour of the cavity-backed slit-
plate is associated with the anti-resonance in the cavity,
it is expected that the cavity length has a strong inﬂu-
ence. This is indeed the case as can be seen from
Figure 5(a), (b) and (c). The frequency values shown
are f¼ 60, 120 and 170Hz, the Mach number is 0.05
and the open area ratio is 0.1. At lc ¼ 0, the slit-plate
and the backing wall coincide, eﬀectively forming a rigid
wall with complete reﬂection (jRLj ¼ 1) and no absorp-
tion (L ¼ 0). As lc increases, jRLj decreases from 1,
attains a minimum and then increases to 1 (Figure
5(a)). At this second maximum, lc is equal to half the
wavelength, and the cavity is at resonance. This alter-
nating behaviour of decreasing and increasing jRLj con-
tinues with increasing lc. At the same time, L also
alternates, reachingmaxima of 1 where jRLj hasminima.
Again, the range where near-anechoic behaviour
prevails is quite large: for example, for f¼ 120Hz,
jRLj5 0:2 in the lc range between 0.6m and 0.9m.
Influence of open area ratio
The open area ratio  ¼ 2s=d is a measure for the trans-
parency of the slit-plate. Hence, as  increases, we
expect the slit-plate on its own to become acoustically
less reﬂective and less absorbing. Figure 6(a) and (c)
conﬁrms this (for the frequency 170Hz). The Mach
number dependence is also shown in Figure 6. We
observe that the phase of Rsp is strongly aﬀected by it
(see Figure 6(b)): for low M (M¼ 0.001), SRsp ¼ ,
while for higher M (M¼ 0.005, 0.1), SRsp ¼ 0. This
Figure 4. Reflection coefficient and absorption coefficient of slit-plate ((a)–(c)) and cavity-backed slit-plate ((d)–(f)) as a function of
frequency, for fixed Mach numbers and ¼ 0.1. For (d)–(f), lc¼ 0.5 m.
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can again be explained by the hydrodynamic blockage
eﬀects (vena contracta and boundary layer) mentioned
in Inﬂuence of Mach number section. As a result, the
slit-plate in isolation behaves like an increasingly
reﬂective rigid wall as the Mach number increases;
also its ability to absorb weakens as  increases because
less vortex shedding occurs.
The consequences for the cavity-backed slit-plate are
shown in Figure 6(d), (e), (f), again for the case
f¼ 170Hz and lc¼ 0.5m. Except for the lowest Mach
number (M¼ 0.001), jRLj decreases for small  values,
reaches a minimum and then steadily increases. At the
minimum, SRL jumps from 0 to , and L reaches
the optimal value of 1. The width of the minimum of
jRLj and maximum of L is again conveniently wide, as
is the case for the parameters examined in the previous
three sections.
Influence of open-end cavity
We also considered the case of a cavity bounded by
an open end (rather than a closed end) at x ¼ Lþ lc
and investigated the dependence on the parameters
M, f, lc and . The results (not shown) are very
similar: jRLj has a minimum when the cavity is at
anti-resonance; this now happens when the cavity
length is equal to half a wavelength. The optimal
values for M, f, lc and  change, but jRLj is still
close to 0 and L is still close to 1 in a large par-
ameter range.
In summary, for a given f, the absorption coeﬃcient
of a cavity-backed slit-plate can be maximised if we
choose the appropriate lc,  and M. In the case of a
combustor with an unstable mode, the frequency of the
unstable mode is known. Therefore, given a ﬁxed slit-
plate dimension, we aim to stabilise the combustor by
choosing the appropriate bias ﬂow Mach number, M,
and cavity length, lc.
Stability predictions
For stability predictions, we make use of the eigenvalue
method,17 which is instrumental in obtaining the
growth rates of diﬀerent modes in the system. In the
Figure 6. Reflection coefficient and absorption coefficient of slit-plate ((a)–(c)) and cavity-backed slit-plate ((d)–(f)) as a function of
open area ratio, for fixed Mach numbers and f ¼ 170 Hz. For (d)–(f), lc¼ 0.5 m.
Figure 5. Reflection coefficient ((a)–(b)) and absorption coefficient ((c)) of cavity-backed slit-plate, as a function of cavity length, for
fixed frequencies, M¼ 0.05 and ¼ 0.1.
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present work, we restrict ourselves to the ﬁrst and
second modes of the combustor.
Boundary and jump conditions
The unknowns in our system are the four pressure amp-
litudes A, B, C and D. Therefore, we need four homo-
geneous equations, obtained from the following
boundary and jump conditions.
At x ¼ 0 :
Aeik1lf ¼ R0Beik1lf ð14Þ
At x ¼ L :
Deik2 Llfð Þ ¼ RLCeik2 Llfð Þ ð15Þ
R0 and RL are the reﬂection coeﬃcients at x ¼ 0 and
x ¼ L, respectively.
Across the heat source (x ¼ lf), we assume continuity
of pressure,
Aþ B ¼ CþD ð16Þ
and a velocity jump generated by the heat source18
 A Bð Þ
1c1
þ CDð Þ
2c2
¼ 	  1ð Þ
1c21S
Q^ lf
  ð17Þ
where S is the cross-sectional area of the duct and 	 is
the ratio of the speciﬁc heat capacities.
Eigenfrequencies and growth rates
Equations (14)–(17) can be rearranged in matrix form
to yield:
Y ð Þ½ 
A
B
C
D
2
6664
3
7775 ¼
0
0
0
0
2
6664
3
7775 ð18Þ
with
where 
0,1 ¼ n0,1 	  1ð Þ
 
= S1c
2
1
 
is a quantity pro-
portional to the coupling coeﬃcients and  ¼
1c1ð Þ= 2c2ð Þ is the ratio of the speciﬁc impedances.
Solution of the characteristic equation, detY ð Þ ¼ 0,
using the Newton Raphson or bisection method, gives
us the eigenfrequencies of the system. The solution
m ¼ !m þ im is a complex quantity where !m denotes
the natural frequency of the mode m and m its growth
rate. Positive m indicates instability and negative m
indicates stability.
Stability maps – closed end
From equation (19), one can infer that the parameters
which aﬀect the stability of the combustor are: the
properties of the medium inside the duct (1,2, c1,2,
T1,2), the duct length (L), the location of the heat
source (lf), the reﬂection coeﬃcients at the boundaries
(R0 and RL), the time-lag () and the heat release rate
law properties ( and n0,1). In addition to these param-
eters, cavity length (lc), slit-plate dimensions (d and )
and bias ﬂow Mach number (M) have an indirect inﬂu-
ence through RL. Here, we consider the inﬂuence of the
following three parameters: cavity length, heat source
location and bias ﬂow Mach number.
The stability maps are constructed in the cavity
length (lc) – heat source location (lf) plane, where the
grey regions indicate instability and the white regions
indicate stability. Stability of any mode is determined
from the sign of its growth rate, as mentioned in the
previous section. In our study, we look at the stability
of the ﬁrst two modes of the system. The cold region is
assumed to be at room temperature (T1¼ 288K) and
the hot region is assumed to be at T2¼ 1288K. The
duct length L is assumed to be 1m, duct cross-section
S is assumed to be 0:05 0:05 m2 and the heat release
rate law properties are taken as constants:  ¼ 120 kg
m/s2, n1 ¼ 1:2, n0 ¼ 0:2 and  ¼ 0:15 103 s. Table 1
shows the range of the conservative estimates of the
time periods for the ﬁrst and second eigenmodes. We
can observe that the time-lag chosen in our analysis is
much smaller than the fundamental periods encoun-
tered in the stability analysis. The complete list of
system parameters used in the forthcoming analysis is
given in Table 2.
Y ð Þ ¼
e
ic1lf R0ei

c1
lf 0 0
0 0 RLe
ic2
Llfð Þ eic2 Llfð Þ
1 1 1 1
1 
1ei þ 
0
 
1þ 
1ei  
0
 
 
2
66664
3
77775
ð19Þ
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Firstly, we construct the stability map for mode 1 of
a quarter-wave resonator containing only a heat source
and no slit-plate, for two temperature distributions:
T1 ¼ T2¼ 288K (Figure 7 (a)) and T1¼ 288K,
T2¼ 1288K (Figure 7(b)). We observe from the plots
that the system is unstable for the range of values of lc
and lf considered. This behaviour can be explained in
terms of the mode shape of the wave within the reson-
ator. In the absence of the slit-plate, an increase in
cavity length (lc) eﬀectively adds to the duct length,
L. The total length of the resonator will now be
(Lþ lc). The ﬁrst mode shape of the quarter-wave res-
onator will be, as the name suggests, a quarter wave
with a node at x ¼ 0 and a maximum at x ¼ ðLþ lcÞ.
From the Rayleigh criterion, we can conclude this
instability behaviour of the ﬁrst mode of the resonator,
regardless of the cavity length and heat source location
considered.
Next, we introduce a slit-plate with bias ﬂow into the
system. The slit dimensions are d ¼ 0:02m and  ¼ 0:1.
The present study is an extension to the work by
Surendran and Heckl,19 where they investigated the
eﬀect of the bias ﬂow Mach number M and cavity
length on the stability of a quarter-wave resonator
with a heat source obeying the simple n  law. They
observed that the stability of the ﬁrst mode increased
with increasing M. Figure 8 shows the stability maps
obtained for the current resonator conﬁguration with
uniform temperature distribution and generic heat
release law. In this study also, the stability maps exhibit
trends similar to those reported by Surendran and
Heckl.19 At very low M, the unstable region is larger
compared to the stable region (Figure 8(a)). As we
increase M, the stable region increases (Figure 8(b)
and (c)). We also get a range of lc values where the
resonator is stable, irrespective of the location of the
heat source.
The inﬂuence of lc and M on the stability of the
combustor can be explained through the contour plot
of x1, the real part of the complex eigenfrequency 1,
as shown in Figure 9. The contours vary in the range
55–85Hz, and correspond to mode 1 of the combus-
tor with T1 ¼ T2¼ 288K. The eigenfrequencies
decrease with increasing lc and from Figure 5(c), we
can conclude that for a given bias ﬂow M, an acoustic
wave of 55Hz with lc ¼ 0.5m has higher absorption
Figure 7. Stability map for mode 1 without slit-plate and bias flow with (a) T1 ¼ T2 ¼ 288 K and (b) T1 ¼ 288 K and T2 ¼ 1288 K.
Table 2. List of system parameters used.
Parameter Notation Value
Temperature [K] T1 288
T2 1288
Density [kg/m3] 1 1.2
2 0.268
Speed of sound [m/s] c1 341
c2 721.5
Duct length [m] L 1
Cross-sectional area [m2] S 0.0025
Cavity length [m] lc ½0    L=2
Heat source location [m] lf ½0    L
Time-lag law parameters  [kg m/s2] 120
n1 1.2
n0 0.2
s [s] 0:15  103
Slit-plate d [m] 0.02
 0.1
Table 1. Range of time periods of the eigenfrequencies in the
stability maps.
Mode Temperature distribution Time period range
1 T1 ¼ 288 K, T2 ¼ 1288 K ½5:616:6  103 s
2 T1 ¼ 288 K, T2 ¼ 1288 K ½1:45:2  103 s
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than a wave of 80Hz with lc¼ 0.1m. The inﬂuence of
bias ﬂow M is shown in Figure 3(f). For a given fre-
quency and lc, the absorption increases with increasing
M. Combining these eﬀects, we can explain the stability
maps shown in Figure 8. The combustor starts to sta-
bilise for higher lc, and the stable regions grow as we
increase the bias ﬂow M.
As a step further to our study, we also incorporated
a temperature jump across the heat source (T1¼ 288K
and T2¼ 1288K). The stability maps, again con-
structed in the lf –lc plane for three Mach numbers:
M¼ 0.001, 0.005 and 0.01, are given in Figure 10.
Comparison of Figure 10 and Figure 8 shows that
having a hot region or temperature nonuniformity
within the combustor tends to de-stabilise it, i.e., the
unstable regions are larger. But in this case also, we can
extend the stable regions of the system by increasingM.
Hence, it is still possible to ﬁnd a cavity length and
Mach number that stabilises the combustion system.
Similar stability maps can also be constructed for the
second mode of the resonator. Here also, we start with
the no slit-plate case. Figure 11(a) and (b) shows the
stability maps for the second mode when we have uni-
form and nonuniform temperature distribution,
respectively. The stability maps are as expected. In
the second mode, we have three-quarters of a wave
within the combustor and as the heat source changes
its position from the inlet towards the slit-plate, we get
constructive and destructive interaction between the
heat release rate ﬂuctuations and the acoustic pressure
ﬂuctuations leading to alternating stable and unstable
regions. In Figure 11(a), the small unstable region near
lc¼ 0.5m for lf"½0:5    1 m is caused by non-conver-
gence of the numerical method used. Ideally, this region
should also be stable.
Now, we introduce the slit-plate with the bias ﬂow.
Figure 12 shows the stability maps for mode 2 of the
combustor with uniform temperature distribution and
Figure 13 shows the stability maps when there is non-
uniform temperature distribution. We observe that the
unstable regions get fragmented and slowly turn into
stable regions as we increase M. The eﬀect of Mach
number is similar for both the temperature distribu-
tions. Again, we are able to ﬁnd ranges for the Mach
number and cavity length that could stabilise the
already unstable modes of the combustor. In
Figure 12(a) also, the small region near lc¼ 0.5m for
lf"½0    1 m should have been stable. But this unstable
region is caused by non-convergence of the numerical
method used.
Stability maps – open end
In this section, we look at the stability maps for the
resonator with open ends. The stability maps are
again constructed in the cavity length (lc) – heat
source location (lf) plane. The properties of the
system are the same as those given in previous section.
The cold region is assumed to be at room temperature
Figure 8. Stability maps for mode 1 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ T2 ¼ 288K.
Figure 9. Eigenfrequency (!1=2) (Hz) contour for mode 1 of
the combustor with T1 ¼ T2 ¼ 288 K.
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(T1¼ 288K) and the hot region is assumed to be at
T2¼ 1288K. The duct length L is assumed to be 1m,
duct cross-section S is assumed to be 0:05 0:05 m2
and the heat release rate law properties are taken as
constants:  ¼ 120 kg m/s2, n1 ¼ 1:2, n0 ¼ 0:2 and
 ¼ 0:15 103 s. Table 3 shows the range of the con-
servative estimates of the time periods for the ﬁrst and
second eigenmodes. The time-lag chosen is much
Figure 10. Stability maps for mode 1 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ 288 K and T2 ¼ 1288 K.
Figure 12. Stability maps for mode 2 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ T2 ¼ 288 K.
Figure 11. Stability map for mode 2, without slit-plate and bias flow with (a) T1 ¼ T2 ¼ 288 K and (b) T1 ¼ 288 K and T2 ¼ 1288 K.
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smaller than the fundamental periods encountered in
the stability analysis.
Like in the previous section, we start with the stabil-
ity maps for the no slit-plate case. Figure 14 shows the
stability maps for mode 1 of the resonator with no slit-
plate, for uniform (Figure 14 (a)) and nonuniform
(Figure 14 (b)) temperature distributions. The results
obtained for the uniform temperature distribution
(Figure 14 (a)) show that the resonator is stable when
the heat source is placed in the lower half (downstream
section) of the resonator. This is because the ﬁrst mode
shape within the resonator is half a wave with nodes at
x ¼ 0 and x ¼ ðLþ lcÞ, and using the Rayleigh criter-
ion, we can deduce that the system will have a stable
mode when the heat source is placed in the lower half of
the resonator. When there is a temperature jump, we
observe that the stable region is larger (Figure 14(b)),
and this can be attributed to the frequency shift due to
the temperature jump and the changes in the speed of
sound. In other words, the presence of the heat source
and the consequent temperature jump modiﬁes the
mode shape such that we get a constructive interference
between acoustic pressure ﬂuctuations and heat release
rate ﬂuctuations leading to stable behaviour.
The introduction of slit-plate with bias ﬂow changes
the stability behaviour signiﬁcantly. Figures 15 and 16
show the stability maps for the resonator with uniform
and nonuniform temperature distribution, respectively,
after the inclusion of the slit-plate with bias ﬂow.
The Mach number M increases from plots (a) to (c),
and we observe the increased stability of the resonator.
Unlike the closed end case, in the open end situation,
we get complete stability for higher M values
(Figures 15 and 16(b) and (c)).
Finally, stability maps are also constructed for the
second mode of the open end resonator. The no slit-
plate cases for the two temperature distributions are
shown in Figure 17(a) and (b). The alternating unstable
and stable bands are due to mode shape of the pressure
wave and its interaction with the heat release rate ﬂuc-
tuations. In the second mode, we have a full wave
within the combustor leading to alternating stable and
unstable regions.
Figure 18 shows the stability maps for mode 2 of the
combustor with uniform temperature distribution and
Figure 19 shows the stability maps for the nonuniform
temperature distribution. We observe that the unstable
regions decrease as we increase M. The eﬀect of Mach
number is similar for both the temperature distribu-
tions. There is a wide range of cavity lengths that
could stabilise the unstable mode of the resonator.
Summary and outlook
We presented a model for an idealised combustor with
heat exchanger to predict its stability behaviour. The
combustion system consisted of a one-dimensional tube
with a compact ﬂame and a mean temperature jump
across the heat source. The heat exchanger is modelled
as an array of thin sharp-edged rods with rectangular
cross-sections. Hence, the heat exchanger was treated as
a slit-plate. We also included a bias ﬂow through the
slits to enhance the sound absorption characteristic of
the slit-plate. Instead of a simple n  law, we have
used an extended version of the time-lag law to describe
the heat source.
Figure 13. Stability maps for mode 2 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ 288 K and T2 ¼ 1288 K.
Table 3. Range of time periods of the eigenfrequencies in the
stability maps.
Mode Temperature distribution Time period range
1 T1 ¼ 288 K, T2 ¼ 1288 K ½2:76:7  103 s
2 T1 ¼ 288 K, T2 ¼ 1288 K ½1:33:5  103 s
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Our model is applied to the idealised combustion
system with tuneable downstream end condition, that
is, by varying the aeroacoustic properties of the slit-
plate backed by an open end or a rigid end, we can
tune the downstream reﬂection coeﬃcient. Stability
maps constructed in the cavity length (lc) – location
of heat source (lf) plane yield the following results:
. The unstable mode of a combustor can be controlled
passively by a bias-ﬂow slit-plate provided that the
Figure 16. Stability maps for mode 1 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ 288 K and T2 ¼ 1288 K.
Figure 15. Stability maps for mode 1 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ T2 ¼ 288 K.
Figure 14. Stability map for mode 1 without slit-plate and bias flow with (a) T1 ¼ T2 ¼ 288 K and (b) T1 ¼ 288 K and T2 ¼ 1288 K.
12 International Journal of Spray and Combustion Dynamics 0(0)
bias ﬂow Mach number and the cavity length are
chosen appropriately.
. For a particular unstable mode, an increase of the
bias ﬂow Mach number tends to enhance the stabil-
ity of that mode.
. There is a wide range of cavity lengths, for ﬁxed
Mach number, that can be utilised to enhance the
stability of the combustor,
. The temperature jump at the ﬂame has a signiﬁcant
eﬀect on the combustor’s stability behaviour: it can
Figure 18. Stability maps for mode 2 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ T2 ¼ 288 K.
Figure 19. Stability maps for mode 2 and different Mach numbers (a) M ¼ 0:001, (b) M ¼ 0:005 and (c) M ¼ 0:01, for a combustor
with T1 ¼ 288 K and T2 ¼ 1288 K.
Figure 17. Stability map for mode 2 without slit-plate and bias flow with (a) T1 ¼ T2 ¼ 288 K and (b) T1 ¼ 288 K and T2 ¼ 1288 K.
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be stabilising or destabilising, and it is therefore
important to include it in the model.
With our model, we are able to ﬁnd a broad range of
values for the bias ﬂow Mach number and the cavity
length that can be used to stabilise the already unstable
modes of the combustion system considered. These ﬁnd-
ings have practical implications for combustion systems
like domestic boilers. The need for clean and compact
boilers makes it diﬃcult for the inclusion of passive con-
trol components like quarter-wave resonators and
Helmholtz resonators, that are generally bulky. In
such situations, it is a viable alternative to use heat
exchangers to control thermoacoustic instabilities.
In a domestic boiler, the heat exchanger is housed
within the combustion chamber, along with the ﬂame,
and therefore there is no requirement for additional
space. Our study shows that there is a wide range of
values for lc (distance between heat exchanger and com-
bustion chamber end) and for M (Mach number of the
ﬂow through the gaps between the heat exchanger
tubes) that stabilise a previously unstable combustion
system. This form of passive instability control
improves the design ﬂexibility of domestic boilers, as
no additional components are required. It opens the
door for new designs of eﬃcient and reliable boilers
with reduced pollution of the environment.
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